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1 Introduction 

The lattice vertex algebras, [Bl], [FLM], form one of the most important 
and fundamental classes of vertex algebras. Beginning -with a root lattice 
of simply laced type one constructs the fundamental representation for the 
corresponding affine Kac-Moody Lie algebra and this turns out to be one 
of the most basic examples of a lattice vertex algebra ([FK],[S]). The vertex 
algebra associated to the Leech lattice plays a fundamental role in the con- 
struction of the moonshine vertex operator algebra ([B1],[FLM]), while the 
vertex algebra associated to the rank 2 Lorentz lattice is used in constructing 
the Monster Lie algebra which in turn is used in a proof of the moonshine 
conjecture. Moreover lattice vertex algebras have been studied extensively 
from several points of view. Much work has been done on the representation 
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theory ([FLM], [D], [DLMl], [DLM2]) and on fusion rules, [DL], for the lat- 
tice vertex algebras. Also, much is known about their automorphism groups, 
[DN], and there are some characterizations known [LX]. 

In this paper we study the representation theory for certain "half lat- 
tice" vertex algebras. Let L be an even lattice and let Vl be the associated 
lattice vertex algebra. Then, as a vector space, Vl is the tensor product 
of a symmetric algebra S{i) ®c t~^C[t~^]) with a group algebra C[L] where 
i) = C0zL. T\ms,VL = S{i) 0z t-^C[t-'^]) ®c The lattice L we con- 

sider in this paper is spanned by Ci,di for i = with the Z-bilinear 

form determined by {ci,Cj) = {di,dj) — and {ci,dj) = k6ij. Here k is an 
arbitrary non-zero integer. Our half lattice vertex algebra V is then defined 
to be SH) 0zt~^C[t-^]) (8)cC[Lc] where Lc = ELi ^^i- Notice that V is not 
a lattice vertex algebra as originally defined in [Bl] and [FLM], but it is a 
vertex subalgebra of Vl- 

The motivation for studying V, as defined above, comes from the repre- 
sentation theory of certain toroidal Lie algebras and certain other Lie algebras 
related to them. In [T] certain vertex operator representations were given for 
a Lie algebra which is constructed from a natural Jordan algebra using the 
TKK construction. This algebra is of great interest in studying the structure 
theory and representation theory of extended affine Lie algebras in general 
because it has the smallest root system of any tame extended affine Lie al- 
gebra which is not of finite or affine type. It became clear that to study the 
representation theory of this Lie algebra one should use techniques ofi^ered 
by taking a vertex algebra point of view and that a certain natural toroidal 
Lie algebra entered into the picture here. The representation theory of the 
toroidal algebras have been studied for some time now and recently they too 
have been viewed from the vertex algebra perspective (see [BBS] and the 
references therein). In fact, the work [BBS] studies and introduces a ver- 
tex algebra which is the tensor product of three other basic vertex algebras, 
and one of these is nothing but our V above. The other two are VOA's 
associated to affine algebras and hence their representation theory is well 
developed. Thus, one needs the representation theory of the vertex algebra 
V in order to understand that of the toroidal algebras in [BBS] as well as the 
algebras in [T]. This makes it natural to isolate V and study it on its own. 

Because of the motivation discussed above our main goal in this paper 
is to construct a large class of modules for V. Recall that in [FLM] , for any 
even lattice A and any element A in the dual lattice of A, an irreducible 
module Va+x is constructed. The method in [FLM] for doing this uses the 
idea of coherent states and the authors make use of the fact that the lattice 
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L spans f). In the work [D], employing the ideas of Z-algebras developed in 
[LW], it is proved that all irreducible VSi- modules are of the form V^+a ^ 
above. In our case, the sublattice Lc docs not span t), and hence we cannot 
use the coherent state argument to construct ^-modules, but the Z-algebra 
techniques still play an important role. 

The main tools we use to construct ^-modules is the theory of local 
systems, as developed in [L2]. It turns out that our proofs also apply to the 
"full lattice" vertex algebra. Thus we have obtained another proof that Va+\ 
is a VA-module. More precisely, we first construct an associative algebra A 
and a large class of A-modules in Section 3. We prove in Section 4 that for 
every 74-module W and A e \Ld where Ld — Yh=i '^di the space Vx^w — 
S{i) ®i t~^C[t~^]) ®c is a K-module. The definition of vertex operators 
Y\^w{v^z) ioi V & V is essentially the same as in [FLM]. It follows from the 
theory of local system [L2] that these operators form such a local space. It is 
well known that the Jacobi identity for a module is equivalent to locality and 
associativity (see Section 4), so our main effort is to prove these operators 
satisfy associativity. Unfortunately, wc cannot prove this directly. However, 
as we show in Section 4, associativity follows from the fact that this local 
space is closed under all nth products u{x)nv{x) forn e Z and u,v &V where 
u{x) — 1a,w('W, x). Our results then follow from this. Finally, in Section 5, we 
also discuss how to get 74-modules from ^-modules, and in Section 6 we 
study the Zhu algebra of V . 

All three authors take this opportunity to thank the Fields Institute in 
Toronto for their great hospitality while this work was being carried out. 

2 Vertex Algebra and Module 

In this paper, the sets of integers, positive integers and negative integers will 
be denoted respectively by Z, Z+ and Z_. Zi, Z2 and x will denote formal 
variables. The elementary properties of the 5-function 6{z) = J^nez -^"^ '^^^ 
be found in [FLM] and [FHL]. First we give the definition of a vertex algebra 
and modules for them (see [Bl], [FLM], [LI], and we also recall the theory 
of local system developed in [L2] . 

Definition 2.1. A vertex algebra is a quadruple {V,Y, 1,D) consisting of a 
vector space V, a vector 1 & V, a linear map Y from V to (EindV)[[z, 
and a linear map D from V to V satisfying the following axioms: 
(1) For any e V, UnV = if n is very large, 
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(2) Y{l,z)^l, 

(3) Y{u,z)l e V[[z]] and lim^^oY{u, z)l = u for u eV , 



A 

dz 

(5) The Jacobi identity holds for u,v e V: 



(4) [D, Y{u, z)] = £Y{u, z) = Y{Du, z) for ueV, 



(^^^) Y{u, z^)Y{v, Z2) - z^H (^-^^) Y{v, z^)Y{u, z,) 

\ Zo J V —Zq J 

^ ^-15 i^AZJl] Yi^Y^u, z^)v, Z2). (2.1) 



Z2 

We shall also use V for the vertex algebra (V, F, 1, D). 

Definition 2.2. Let V he a vertex algebra. A V-module is a vector space 
W equipped with a linear map Yw from V to (End satisfying the 

following axioms: 

(1) For any m e V^, w e FF, UnW = if n is very large, 

(2) Yw{l,z)^l, 

(3) The Jacobi identity holds for u,v & V: 

Zq^S (— — —) Yw{u,zi)Yw{v,Z2) - Zo^S (— — —] Yw{v,Z2)Yw{u,zi) 

\ Zq J \ —Zq J 

= ^-15 (^^) yw{Y{u, Zo)v, Z2). (2.2) 

One of the important consequences of the definition of module is the 
following D-derivative property: 

Yw{Du,z) = ^Yw{u,z) 

(see Lemma 2.2 of [DLMl]). 

We now recall the theory of local system of vertex operators from [L2]. 

Let M be a vector space. A vertex operator on M is a formal series a{z) = 
Z^nez " ""^ G (End Af)[[2;, 2;^^]] such that for any u G M, a^u = for 
sufficiently large n. All vertex operators on M form a vector space (over C), 
denoted by VO{M). On VO{M), we have a linear endomorphism D — j^, 
the formal differentiation. 

Two vertex operators a{z) and h{z) on M are said to be mutually local if 
there is a non-negative integer k such that 

(^1 - ^2)^^0(^1)6(^2) = (^1 - Z2fh{z2)a{z^). (2.3) 
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A space S of vertex operators is said to be local if any two vertex operators of 
S are mutually local, and a maximal local space of vertex operators is called 
a local system. 

Let \^ be a local system on M. Then V is closed under the formal 

differentiation D = — . For a{x),b{x) G VO{M), we define 
ax 

Y{a{x), z)b{x) 

= Res,, (^z~^6 (^^^) a{zi)b{x) - z'H (^f^) Kx)a{zS^ (2.4) 

Write Y{a{x),z) = J2nez(^{^)nZ^"'~^ ■ Then ( p.4| ) is equivalent to 

a{x)nb{x) = Resz{{z - x)"a(z)6(x) - {-x + z)'^b{x)a{z)) (2.5) 

for n eTL. Denote by l[x) the identity endomorphism of M. 

Theorem 2.3. IL2] Let M he a vector space and V a local system on M . 
Then (V, Y, D, I{x)) is a vertex algebra with M as a natural module such that 
YM{a{x), z) = a{z) for a{x) G V. 

Let A be any local space of vertex operators on M. Then there exists 
a local system V that contains A. Let (A) be the vertex subalgebra of V 
generated by A. Since the vertex operator "product" ( |2.4| ) does not depend 
on the choice of local system V, (A) is canonical. Then we have: 

Corollary 2.4. [L2] Let M be a vector space and A any local space of vertex 
operators on M. Then A generates a canonical vertex algebra (A) with M 
as a natural module such that YMialx), z) = a{z) for a{x) G A. 

Next we recall the well-known lattice vertex algebras from [Bl] and [FLM]. 
We are working in the setting of [FLM]. In particular, L is a lattice with 
nondegenerate symmetric Z-bilinear Z-valued form (■,■); f) = L (g)^ C; f)z 
is the corresponding Heisenberg algebra; M(l) is the associated irreducible 
induced module for i)^ such that the canonical central element of f)^ acts as 
1; {L,~) is a central extension of L by group = 1) with commutator 

map c{a,P) = k^"'^) for G L; x is a faithful character of {k) such 
that x(fi:) = —1; C{L} = Ind^^^^Ci^, ^ C[L] (linearly), where is the one- 
dimensional (fi;)-module defined by x; i(a) = a ® 1 E C{L} for a E L] 
Vl = M{l)®C{L}- 1 = uj = \ T.r>iPr{-lf where /^a, ...} is an 
orthonormal basis of f); 

Vl ^ (End \4) [[2,^-1]] 

V ^ Y{y,z) = Y,VnZ'''-^ (t;„GEnd\4) (2-6) 
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where the vertex operator Y{v,z) is defined in detail in [FLM]; the space 
Vl carries a natural Z-grading determined by the conditions wt(l ® t(a)) = 
^{a,a). Then {Vl,Y,1,L{—1)) is a simple vertex algebra where Y{lj,z) = 
J2nez L{n)z~"'~'^ (see [Bl] and [FLM]). Moreover, the component operators 
L(n) satisfy the Virasoro algebra relation with central charge rankL and 
Vl — ©nez(yL)n is Z-graded where (Vl)/! is the eigenspace of L(0) with 
eigenvalue n (see [Bl] and [FLM]). 

In this paper we consider certain even lattices below and study the mod- 
ules for the "half lattice" vertex subalgebra of Vl- 

Let Lc = ©^^^Zcj, Ld = ©^^iZcij and L — Lc + Ld- Define a symmetric 
bilinear form (•) on L such that 

{ci, dj) = kSij, {ci, Cj) = {di, dj) = 

for 1 < 1,3 < v, where k E Z \ {0} is a constant. Then L is an even lattice 
of rank 2z/, and L is unimodular if A; = 1. 

For a e {Lc C) / kLc we define an automorphism G Aut Vl by 

ga{u (8) t(a)) = e^^^^"'")-?/ (g) t(a) 

for u G M(l) and a e L (see [DM1]). Then G = {g^l a G {Lc^zC)/Lc} is 
an abelian subgroup of AutV^. Let be the space of G-invariants. Then 

= M(l) (g) C{Lc} 

where C{Lc} is spanned by t(a) for a G L such that a G Lc- It is clear that 
the algebra C{Lc} is isomorphic to the group algebra C[Lc]. So we will use 
for basis elements of C[Lc] corresponding to a G L^. 

Proposition 2.5. — ®^o^ ^ Z-graded simple vertex subalgebra of 
Vl, where 

{V^)n = Vf n {VL)n = M(l)„ (8) C[Lc] 

s 

M{l)n = {Q;i(-ni) • ■■as{-ns)\ai ei),ni> 0,^ni = n}. 

i=l 

Proof. The gradation is clear from the definition of the grading of Vl- 
In order to see that V^ is simple we note that 

Vl = ®peLnV^ 
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where Vf = G VL\gaV = e^'^^^^'^^-y, a e {Lc ®z C)/kLc. Clearly, = 
and M„Vf C Vj^^^ for /?,7 G L^, u e V^, n e Z. Since Vl is simple, Vl is 
spanned by -Unf for u E Vl and n G Z where u is any nonzero vector in Vl 
(see Corollary 4.2 of [DM2] and Proposition 4.1 of [LI]). It is immediate now 
that V^ is simple and each Vf is a simple V^-module. □ 

3 Associative Algebra and Modules 

Our main goal in this paper is to study the representation theory for V = V^ . 
It turns out that this is closely related to the representation theory of an as- 
sociative algebra A which wc will define in this section. It is convenient for 
us to begin by studying a larger algebra B which then has A as a homo- 
morphic image. The idea to consider these algebras comes from considering 
Z-algebras in our setting. Although our study was motivated by the idea of 
Z-algebras we will see in Section 6 that A is precisely the Zhu algebra A{y), 
[Z]. The algebra B is essentially a twisted tensor product of a group algebra 
on the lattice Lc and the tensor algebra of the space ^l) = C ®z -^d where 
the elements di act on £\Lc\ as derivations. We also let f)c = C 02 Lc- 

Formally, we let B he an associative algebra generated by Ca and di for 
a e Lc and 1 < i < i^, subject to the following relation 

Co = 1, eo,+/3 = eae/3, diCa - Cadi = {di, a)ea 

for a, /? e Lc, 1 <i < u. 

Definition 3.1. A B-module W is called a weight module ifW = ©Aefjc^^^? 
where 

Wx — {we W\diW — (A, di)w, i — 1,..., v}. 

Regarding \) as an abelian group, then the group algebra C[[)] is a weight 
module for B where acts by addition and di acts on e/j for /i e f)c as 
{di, h). It is easy to see that C[Lc + A] is a simple module for any A G 

Lemma 3.2. Any weight B-module is semisimple. Moreover all the simple 
B -modules (up to isomorphism) are C[Lc + A] for some X e i)c- 

Proof. Let w G Wx be nonzero for some A G i)c- Set (w) = (BaeLc^^aW. 
Then (w) is a simple i?-submodule of W isomorphic to C[Lc + A] and the 
lemma follows. □ 
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Next we are going to construct a large class of simple B-modules which 
contains the weight modules as a special case. For simplicity wc assume that 
k = 1 (the unimodular case). Let l</i<z/ + lbean integer. Consider the 
Laurent polynomial algebras C[tf ^, • ■ ■ and C[t^, ■ ■ ■ ,t„] with com- 

muting variables. For any fixed Laurent polynomials fi = • • • ,t^-i) G 
C[tf^, • • • , i^li] for i = 1, 2, •••,// — 1, and nonzero complex numbers a, for 
i = II, - ■ ■ julet CO — uj{fi, ■ ■ ■ , ffi-i\a^, ■ ■ ■ , a^) be a symbol. We will also use 
the symbols a;(|ai, • • • , Ui,) ii /i — 1, and a;(/i, • • • , fi,\) if /i — u + 1. Define 

We define actions of e^, dj on for a = J2i=i nT'iCi and 1 < j < i'. For any 
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dj./cu = {tjdjf + fjf)uj, for 1 < j < /X - 1, 
dj.fuj — tjfcu, for /I < j < ly. 

where di — -^. 

Theorem 3.3. M^^ is a simple B-module. 

Proof. We first prove that is an 5-module. For 1 < i < /j, — 1, we 
have 



{djCa — eadj).fuj = dj. 



{I[tnma^e-'T'f 

i=l i=iJ, 



UJ 



ea.{tjdj + fj)f(jj 



i=l 



t=IJ, 



UJ 



1=1 



l=/i 



i=l i=iJt 



i^A + fj)f'^ 

UJ = {dj,a)ea.fuj. 
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Moreover, for // < j < i/, we have 
{djCa - eadj).fuj = dj. 



i=l i=iJ, 



u - ea.{tjfuj) 



i=l i=^i 



— rrii 



i=l i=ix 



u = {dj, a)ea.fuj 



as required, where we have used the fact 



in the second to last identity. Other relations can be checked easily and so 
are omitted here. 

Next wc prove that the module is simple. Let M be a nonzero submodule 
of M(^. One can take a nonzero element fuj G M so that / G C[ti, ■ ■ ■ ,tj\. 
From the action dj.fuj = tj{djf)uj + fjfuj, we see that {djf )ui G M for all 
1 < J < — 1- This implies that one can choose the nonzero polynomial 
/ G C[i^, • • • , i,^], such that / has minimum degree. We apply e^, for a G Lc, 
on fuj to get 

f{ttj, -rrii^,--- ,U- m^)u G M 

for any m^, • • • , mj, G Z. Therefore, if / depends on tj for some < j < i', 
then 

ifit^,--- ,tj + !,■■■ ,U)-fit^,--- ,t,))ueM 

and f{t^, ■ ■ ■ ,tj + 1, ■ ■ ■ ,ti,) — f{t^, ■ ■ ■ ,ti^) is nonzero with lower degree, 
which is a contradiction. Thus / is a nonzero constant, and so a; G M. This 
finishes the proof. □ 

Theorem 3.4. Let uoi = c<Ji(/i, ■ ■ ■ , f^-i\a^, ■ ■ ■ , a,j) and LO2 = uj2{gi, • • • , 
g^-i\b^,--- ,bi,). Then, M^^ = M^^ as B-modules if and only if 11 = 
^3 ~ ^3 /'^'^ A* < J < ^; o-T^d fj — Qj & Z for 1 < j < fJ> — 1- 



9 



Proof. Suppose M^^^ = M^^, and : M^^^ M^,^ is an isomorphism 
such that (f){huji) — UJ2 for some h e C[tf^,--- , t^ii, i^i^ • • • ,ti,]. We first 
prove IJ> — ^- Otherwise one may assume > 7. We have 

(f){t^hu}i) = 0(ec^./ia;i) = ec^.(f){hu}i) = ec^.a;2 = b^u}2 = (f){b^hu}i) 

which imphes that t^huji = b^huji, and hence h — a contradiction. Next 
we prove ai — hi, ior /i < i < 1/. Otherwise, we may assume aj ^ bj for some 
j. Then 

(p{ajh{ti, ■■■ ,tj ,t^)uji) = (f){ec^.hui) = ecy(j){huji) 

= ecyU}2 = bjUJ2 = (j){bjhuji) 

which gives 

ajh{ti, ■ ■ ■ ,tj — 1, - ■ ■ , ti,)uji = bjhoJi. 

This imphes that h is independent of tj. Moreover aj 7^ bj also forces /i = 0, 
contradiction. Thus aj = bi for all i. Finally we prove fj — gj E Z for 
1 < J < A* — 1- Set Xi — fi — Qi. We have 

(j){ti{dih)uji + fihuji) = (j){di.huji) = di.(j){huji) 

= di.uj2 = giUJ2 = gi(j){huji). 

Moreover it is easy to see that gi(f){huji) — (l){gihuji), as gi E Cltf^, ■ ■ ■ , t^ii]. 
Therefore we get 

tidih = Xih 

where \i = fi — gi, for 1 < i < fi — 1. 

We claim, for 1 < i < — 1, that is independent of ti. To prove this 
statement, we first introduce some notation. For p = X]i=r "^i^* with a,., as 7^ 
0, we define degfp — s, deg^p — r. If p = 0, we define deg^p = = deg^p. 

If the statement is false, then deg^Aj = > or deg^Aj = m~ < 0. 
Set degf.h = n^. If m"*" > then 

> deg'l. (tidih) — degjA^/i = m'^ + n'^ > 

which is a contradiction. Similarly we will get contradiction for the case 
m_ < 0. Thus Aj is independent of ti. Furthermore we claim that Aj is 
independent of tj for any j = 1, • • • , — 1. Indeed, let 1 < j 7^ i < /x — 1 be 
fixed. We know that Aj and Xj are independent of ti and tj respectively, and 
also Aj, Aj e C[tf ^, • • • , t^li], such that 

dih — t^^Xih, 
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djh — tj ^Xjh, 

where h e C[tf\ ■■■ , tf_^, t^,--- , U]. 
Notice that 

d , 1 , , , 1 - dXi , ^ dh. , , dXi , , i ^ , x 



and 



d , 1, 1/^^A,- , dh. i/<9A,- ^ , ,, 



dtidtj dti^'' ^ 'dti 'dti ^ ' dti 



this gives us 

dtj dtj" " 

or 



dXi dXj 
^ dtj dti 

as /i 7^ 0. Set $ = e C[if \ • • • which is independent of tj. 

Then = $ gives us X = ^Ini^- + C e C[i^\ • • • Thus $ = 0. 

That is = 0, or Aj is independent of tj. This proves that Aj e C for 
i = - ,// — !. Moreover the equation 

gives h = Ctf\ but h G C[tf ""^j • • • , t^i^^, t^, ■ ■ ■ , tj^] forces Aj G Z as /i 7^ 0. 

Now we suppose the conditions hold, and prove the two modules Mj^j and 
Mj^2 are isomorphic, where 

LOi — uJi{fi, • • • , fn-ila^, ■ ■ ■ , aj,) 

UJ2 = ^^2(5'!, • • • , gfi-iWn, ■■■ ,a^) 
and Qi = fi + Ni for some Ni G Z. We define : M^^^ — > Ai^j by 

for / G C[tf^,--- , t^ii, t/i, ■ ■ ■ It is obvious that cj) defines a vector 

space isomorphism. We need to check that it also defines an algebra homo- 
morphism. 
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Let a — Yh=i n^iCi- It is easy to see that 

4>{ea.fi^i) = e„0(/a;i), 

and (f){di.fuJi) = di.(f){fuji) for fi < I < u. Therefore we only need to check 
the identity (f){di.fuji) — di.(j){fuji) for 1 < i < // — 1. In fact 

d^0(M) = o^^(^^^'^')M 

i=l 



M-1 



M-1 



i=l 



i=l 



OJ2 



i=l i=l i=l 

i=l 1=1 

as required. This finishes the proof of the Theorem. □ 
Now wc define the associative algebra A to be the quotient of B modulo 
relations didj — djdi for all 

Theorem 3.5. For uj — a;(/i, • • • , /^_i|a^, • • • , a^), is an A-module if 
and only if fj = tjdjP+Pj{tj){j — 1, - ■ • , /x— 1) for some P e C[if ^, • • • , i^li] 
and Pj{tj) e C[tf]. 

Proof. The proof of the "if part is straightforward. To prove the "only 

if part, we suppose is an A-module. From the relation didj = djdi for 
^ ^ h j ^ fJ' ~ can easily obtain Difj = Djfi for 1 < i,j < A* — 1, 

where Dj = tjdj is the degree derivation of C[tf^, • • • , t^ii]. 

For this fixed uj = a;(/i, • • • , f^,-l\a^, ■■■ , a^), we can write /i, • • • , fn-i 
in the following form 

for i = 1, 2, ■ ■ ■ , — 1, where a^^^ ,,, ^ _^ e C, and the homogeneous term 

(i) 



tt'---C--i^c[tr] if 4;:..., .,.,7^0. 
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Suppose ail^... 7^ for a fixed i, tfien, from Djfi — Difj, we have 
kj4l-,k,., = kia^l-,k,.v which imphes that h ^ 0(as • • -i^T/ ^ C[tf ], 
thus one can find %) so that /cj 7^ 0). Let Cjfci,...,jk^_-^ = -^ciki,-- ,k^-i ^ 
It follows from kjOj^^^ ... f.^__^ = kia^^^,„ ,^^_^ that 

for all 1 < J < /X — 1. Therefore 

for 1 < j < /X — 1, as required. This also completes the proof. □ 

Corollary 3.6. For uj = uj(Ji, ■ ■ ■ , /^_i|a^, ■ ■ ■ , a^,), is a simple A-module 
if and only if fj = DjP + Pj{tj) {j = I,-- - — 1) for some Laurent 
polynomials P G C[tf \ ■ ■ ■ , tjlj and Pj{tj) G C[t=^^]. Moreover, if M^^ 
and Mi^2 ^'^s A-modules with ui = ui{fi,-- - , fn-ila^, ■ ■ ■ ,au) and uj2 = 
^2(91, ■ , 9'y-i\b'y, ■ ' ' tK), then M^^ = M^^ as A-modules if and only if 
/X = 7, aj = bj {n<j< v), and fj - gj e Z {1 < j < /i). 

For a = EjLi miCi e Lc, we set ^ t^' ■ ■ • C e ^[tf \ ■ ■ ■ , t^^]. Let 
/X = in the previous theorem, and take /j = Aj e C for 1 < i < i/. Then 
— ^aeLc^f^u;, where u; — a;(Ai, • • • , Ai,|). It is clear that 

cii.(rcj) = {di,a + X)t"u; 

for 1 < i < i/, where A = Yh=i K'^i ^ ^c- Thus we have 

Corollary 3.7. If u — a;(Ai, • • • , A,^|) with A = Yh=-i \ci e He then is 
isomorphic to C[L(7 + A] as A-modules. Moreover, C[Lc + A] = 'C[Lc + A'] 
if and only if X — X' & Lc- 

The connection between A-modules and ^-modules is studied in the next 
two sections. 

4 Construction of ^-Modules from A-Modules 

Let W be an A-module. For A e ^L^j, set 

Vx,w = M(l) ® W. 
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Our objective is to make Vx^w a T^-module. 

Motivated by the representation theory for the lattice vertex algebras, we 
define an action of f) on Vx^w as follows: 

a{n) I— > a{n) (8) 1 
/3(0)^(/3,A) 
7(0) 1-^ 1 (8)7 
c I— > 1 

for n e Z, a G f), /3 G i)c, 7 G f)/?. Then Vx^w is an ^-module. We also define 
operators e°, on Vx,w and on VA,iy[[2;, z~^]] for a G Lc as follows: 

Lemma 4.1. For a,/? G Lc;, 7 G f), lye /lawe 

For q; G we set 
We also define 



for P e Lc where 



/ ^ X / 3(n)z 
^±(/5,2:)=exp(^ ^1^^ ). 

ne±N 



-n-1 



Now we define a linear map 

Yx,w: V^{EndVx,w)[[z,z-']] 

V ^ Yx,wiv,z) = J2^riZ 
neZ 

by 

^A,w(Q;i(-m) • • • as{-ns)e°', z) 
=: {dni-iai{z)) ■ ■ ■ dn^^ias{z))Yx,w{e"', z) : 
where the normal ordering is defined in [FLM], dn = ^(^)"- 
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Remark 4.2. The expression of the operator Y\^w{v, z) here is the same as 
that in (|2.6| ) except that we deal with abstract space W. 



It is easy to see that Va,vf is a module for the Heisenberg vertex algebra 
M(l). The rest of this section is devoted to the proof that Va^vf is a V- 
module. As we have already pointed out that we cannot prove the Jacobi 
identity for the operators Yx^^iu^z) by using the coherent state argument 
given in Chapter 8 of [FLM] as our lattice Lc does not span f). Instead we 
will apply the theory of local system developed in [L2] to our situation. 

Recall that = \ Yh=i It follows from the definition of YxT^iy.z) 

that 

Yx,w{L{-l)v, z) = ^Y,MH-^)v, z) (4.1) 

for all V & V. 

We need several lemmas. 

Recall (|2.5|). The following lemma is straightforward. 



Lemma 4.3. Let ai & i),0 < rii & Z for i = 1, ...,s and a G Lc- Then 

^A,H/(ai(-^i) ■ ■ ■as(-^s)e",x) = ■ ■ ■ as(a:)_n,>^(e", x). 

Set S\^w = {y\,w{v.x)\v G V}. We have the following: 

Lemma 4.4. S\^w is a local space on V\^w 

Proof. Let h,h' E i) and a, /5 G Lc- Since V\^w is a module for the affine 
algebra i) we immediately have 

[h{xi), h'{x2)]{xi - X2f = 0. 

One can easily verify that 

[h{xi) ,Yx,w{e'^ , X2)]{xi - X2) = 

[>A,iy(e",Xi),n,w^(e^X2)] = 

(cf. Chapter 7 of [FLM]). Thus X = {a{x),Yx,w{^'^ ^ x)\a G f),/? G Lc) is a 
local space on Vx^w- By Lemma Sx^w can be generated from X by the 
operations a(x)„6(x) and by tacking derivations. Thus Sx,w is a local space 
on Vx,w (see [L2]). □ 

Remark 4.5. Lemmas |4.3| and also hold for vertex operators Y{u, z) 
acting on V (see [FLM], [DL]). 
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Now we set M = V Q) Vx^w and define u{z) = Ym{u,z) = Y{u,z) + 
'^x,w{u, z) for u & V. We also set S = {Ym{u, x)|-u G V^), a local space on M. 
Let U he a vertex algebra generated by the local space S. By Theorem |2.3| , 
M is an [/-module with YM{a{x), z) = a{z) for a{x) G U and Ym{u{x), z) = 
Ym{u, z) ii u e V. 

By Lemma 2.2.5 of [L2], [/ is a module for the affine algebra f) with h{n) 
acting as h{x)n for /i G f), n G Z and c acting as 1. Thus U contains a vertex 
subalgebra M(l) generated by h{x) for /i G f). We should mention that the 
component operators uj{x)n for n G Z satisfy the Virasoro algebra relation 

[uj{x)m+l,Uj{x)n+l] = {m - n)uj{x)m+n+l H Sm+nfi^" 



which follows directly from the affine algebra relation in f). 

Recall the component operators of Y{u{x),z) are given by Y{u{x),z) = 
J2nei.'^{^)nZ~"'~^ where Y is the linear map from U to (Endf/)[[2;, z^^]] which 
is guaranteed since {U, Y, I{x), ^) is a vertex algebra. 

Lemma 4.6. Let /i G f), m, n G Z, a G Lq- Then 

[h{x)n, e"(x)„] = {h, a)e"(x)^+„. (4.2) 

Proof. Since f/ is a vertex algebra we have the commutator formula 
which is a consequence of the Jacobi identity: 

[/i(x)„,e"(a;)J =^ \.]{h{x)ie°'{x))^+n-i- 

Note that 



h{x)oe"{x) = Res4/i(z)e"(x) - e''{x)h{z)} 
= [/i(0),F(e",x)] = (/i,a)r(e",x). 



If z > 1 we know from the proof of Lemma |4.4| that 

h{x)ie''{x) = Res,{{z - x)^/i(z)e"(x) - - x)^e"(x)/i(z)} = 0. 
The result follows immediately. □ 

Lemma 4.7. Let a,f3 & Lc, and m G Z Then e°'{x)mG^{x) = if m > 
and e°'{x)raG^{x) = Y{u"^^e°''^^ ,x) ifm < where u"^ G M(l) determined 
by ^-^L(-l)-™-ie- = = ® e°. 
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Proof. From the proof of Lemma |4.4| we know that if m > then 

[e°(z),e^(x)](2-x)'^ = 

of nonnegative m. It is immediate from the definition of e°'{x)me^{x) that 
e°(a;)me^(a;) = in this case. 

Now we deal with negative m. If m = — 1 then 

e°(x)_ie^(x) = F(e", x)'r(e'^, x) + F(e^, x)r(e", x)+ 

where 



Since 



F(e^ xy = Y: e:x-^-\ Y{e\ x)- = Y.e 

s>0 s<0 



K,ef] = 



for any s, t G Z and (a, /3) = 0, we have 

e°(x)_ie^(a;) = y (e°, x)y (e^, x) = F(e"+'^,x). 

Now let m = —1 —77, for some nonnegative n. A straightforward computation 
using (|4.1|) gives 

= ^r(L(-l)"e",x)F(e^,a;) 

as required. □ 
Proposition 4.8. We have S = U. That is, S is a vertex algebra. 
Proof. Since U is generated by 

X = (/i(x),e"(x)|/i ei),ae Lc) 



from the proof of Lemma [4.4| and Remark [4.5| , it is enough to show that 5" 
in invariant under the operator u{x)n for any u{x) G X and n G Z. 
Note from Lemma that S is spanned by 

hi{x)^m ■•■/i,(a;)_„^e^(a;) 
17 



for hi & i), rii > and /? G Lc- Also note that /i(x)„e'^(x) = {h, P)Sn,oG'^{x) for 
nonnegative n (see the proof of Lemma |4.6| ). Using the commutator relation 
[h{x)m, h'{x)n] = m5m-n{h, h') we see that S is invariant under h{x)n for all 
/i G f),n G Z. 

Let a G Lc- By Lemma E^, e"(x)„e^(x) G S*. An induction by using 



Lemma ^]6| on s then shows that e°'{x)nhi{x)^ni ■ ■ ■ hs{x)_ns^^{^) ^ S. □ 
We are now in a position to prove the main result in this section. 

Theorem 4.9. Let A, W be as before. Then (Vx^w, '^\,w) ^-^ ^ V -module. 
Moreover, V\i^ is irreducible if and only if W is simple. 

Proof. By Theorem ^]B| and Proposition Vx^w is a module for the 
vertex algebra S under the action Yv^^y{u{x), z) = u{x) for any u{x) G S. 
Note that u{x) on V\^w is exactly Yx^w{u,x) for u E V. So it is enough to 
prove that the map from to S" defined by sending u to Y{u, x) = u{x) is a 
vertex algebra isomorphism. 

Let V = {Y{u, x)\u G V} be the set of vertex operators on V. Then V is 
a vertex algebra under 

Y{u, x)nY{v, x) = Res{{z - z)Y{v, x) - {-x + , x)Y{u, z)} 

for u,v & V and both maps from V and S to V given by sending f and 
v{x) to , -z) for i; G are surjective vertex algebra homomorphisms (see 
[L2]). Note that Y{v,z) = if and only if f = 0. This shows that both 
homomorphisms are isomorphisms. As a result, the map from V to S given 
by sending v to v{x) is a vertex algebra isomorphism. 

Now we assume that Vx,w is an irreducible l^-module. Let M a nonzero 
A-submodule. It is clear from the definition of vertex operators Yx^wi^^y^) 
that M(l) ® M is a y-submodule of Vx^w- Thus W is simple. It will be 
proved in the next section that if M/^ is a simple A-module then Vx^w is an 
irreducible \^-module. □ 



5 Construction of A- Modules from 1/- Modules 

Let M = (M, Ym) be a l^-module. Set YM(a(-l), z) = Enez for 
a G f). Then the operators a{m), l3{n) satisfy the Heisenberg algebra relation 

[a(m), /5(n)] = m(a, P)Sm+n,o (5.1) 

(see [D] for the details). Thus M is a module for the affine algebra [). We 
now define the vacuum space Qm following [LW] (also see [D]): 

= {w e M\a{n)w = 0, a G P), n > 0}. 
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In this section we prove that "weight space" of Qm is an A-module. 
We should point out that it is possible that Qm = without additional 
assumption. 

We set M = M{1) ® Qm then M is a subspace of M and we will also 
show that M is a l^-subniodule of M. 
For a G Lc, set 

Z{a, Z) = exp f 5: y^^^^.^ ^) / ^ ^^-n 



a,n)z " ^ 



Lemma 5.1. For a G Lc, (3 E H we have 

(1) mO),Z{a,z)] = i(3,a)Zia,z), 

(2) [(3{n),Z{a,z)] = 0,ifn^0, 

(3) £Z{a,z) = Z{a,z)a{0)z-\ 

(4) Z{a,n)ilM C /or n G Z. 
r5;[a(0),FM(t^,^)] = 0,/ort;G\/. 

Proof. The proofs follow from a similar argument as in [D]. We refer the 
reader to [D] for details. □ 

Lemma 5.2. If Qm 7^ there exists a nonzero w G flM and A G ^L^ such 
that a{0)w = (A, a)w for all a G Lc- 



Proof. One of the important consequence of the Jacobi identity (2^) is 
associativity (see [DL], [FLM], [L2]): Let u,v E V and w E M, then there 
exists n > such that 

{Z2 + ZoTYm{u, Zq + Z2)Ym{v, Z2)w = Ym(Y{u, Zo)v, Z2)w. 

Using this associativity one can show (see the proof of Corollary 4.2 of [DM] 
or the proof of Proposition 4.1 of [LI]), that if Ym{u,z)w = for some 
nonzero u E V and w E W then Y{v, z)w = for all v E V. (One needs to 
use the fact that V is simple.) Since Ym{1,z) is the identity operator, we 
conclude that for any nonzero u E V and nonzero w E M, Ym{u, z)w ^ 0. In 
particular, Ym^c"', z)w ^ for any w E M. 

From the definition of operator Z{a, z) we know that 



FM(e^;^)=exp( 5: 



— —z " exp > —z " (g)Z(a,z) 
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on M(l) ® by Lemma |5.1| (4). Thus Z{a,z)w ^ for any nonzero 
w G Qm- By Lemma [STTI (3) we have the following 

a{0)Z{a, n) = {—n — l)Z{a, n) 

for any n G Z. The exact same proof of Lemma 3.4 in [D] then works here. □ 
Motivated by Lemma we define a weight subspace 



^^A/(A) = {w G VLM\(y.{Q)w = {a, X)w for all a G Lq} 

for any X E Ljj. Set il'^ = Z^asLd ^a/I-^)- Now we define an operator on 
fi'^,^ for a G Lc by saying it acts on fiM(A) as z^°''-^\ Set 

T„ = Z(a, z)z''^. 



Then by Lemma [0| (3), 

-T =0 

That is, Tq, is an operator on Q'^j and is independent of the formal variable 
z. 

Lemma 5.3. For a, G Lc, d E i), we have 

[d(0), r„] = (d, «)T,, T^z^ = z^T^, (5.2) 

and 

TaTp = Ta+p- (5.3) 

Proof. ( |5.2| ) follows from Lemma by noting that d(0)z" = 2;°d(0). 
For ( pl3|) we note that 

yjvf(e°,z) = E-(-«,^)^+(-a,z)T„2". 

From the proof of Lemma |4.7] , 

r(e"+^z) = rAf(e",z)FA./(e^z) = E-(-a-/3,^)E+(-a-/3,^)T„T^z"+'5. 
Thus we obtain Tq,T/3 = Ta+p. □ 

Theorem 5.4. Le^ M he a V -module. Then 

(1) M = M(l) ® VLm is a V-suhmodule of M. 

(2) VL'j^j is an A-module by sending d to d{0) and Ca to Tq for d G Hd 
and a G Lc- 

(3) If M is irreducible and f^A/ 7^ then Q'j^j = o-nd M is isomorphic 
to Vx^Um for some \e Lo- 
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Proof. Clearly, M is invariant under the vertex operators Ym('^( — 1), z) 
and YM^e^^z) for (i G f) and a G Lc- We have already mentioned that V 
is generated by d{~l) and e". It is clear now that M is a submodule. This 
proves (1). 

(2) is a direct consequence of Lemma I 



We now prove (3). By Lemma ^ VL\,^ ^ 0. Set M' = M(l) (g) Vt'^j 



Clearly M' is invariant under the component operators of Ya,/ 1), z) and 
Ym^g'^.z) for d G f) and a G Lc- Again since V is generated by d{—l) and 
e" for (i G f) and a G Lc, M' is invariant under the component operators 
of Ym{v,z) for all v & V. That is, M' is a nonzero submodule of M. The 
irreducibility of M then yields that M = M'. As a result we have Qm = ^'m- 
Note that a{0)d{n) = d{n)a{0) and q;(0)T^ = T^a(O) for all c/ G f) and 
a, j3 G Lc (see Lemma |573|) . Thus a(0) commutes with Ym{u, z) for all u &V. 
Thus if a(0) for a G Lc have a common eigenvector w with eigenvalue A G L/) 



then a(0) acts on M as (a. A). By Lemma p.2| we see that V is isomorphic 
to Va.Hm some X E L^,. □ 
We can now finish the proof of Theorem |4.9|. That is, if TV is a simple A- 



module then V\^w is an irreducible \^-module. Note that flvx w — From 



the proof of Theorem any l^-submodule M has decomposition M = 
M(l) ® W and is an A-submodule of W. The simplicity then implies 
W = W andM = Vx,w if M ^ 0. 

6 Zhu algebra 

In this section we compute the Zhu algebra A(y) [Z] and study the repre- 
sentation theory of V in terms of ^(V^). 

Recall from [Z] that A{V) = V/0{V) where 0{V) is spanned by 

uov = ReSz Y{u,z)v=}\ . \ui^2V 

^ U\ ' J 

for homogeneous u,v G V. The product is defined by 

(l + ^)wtn -/wtM\ 

The following lemma can be found in [Z]. 
Lemma 6.1. Assume that u E V homogeneous, v eV and > 0. Then 



y2+n 

i=l 
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We will write m ~ f if u — v G OiV) for u,v &V. Note that Y{h{—1), z) = 
J2nez h{—l)nZ~'^^^ = Yju&i h{n)z"^^^ and the weight of h{—l) is 1 for /i G f). 



By Lemma 6J. we see that h[—n — 1)1^ ~ —h{—n)w for any w G V. Thus 
A(y) is spanned by 

C[h{-l)\h G [)] ®C[Lc]. 
For any a G Lc the weight of e° is 0. Thus 

e"oe^ = Res,^y(e",2)e^ 
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Res,— E(-a,z)e"+^ 



for all a,P E Lq- Since G Lc are arbitrary we conclude that a{—l)e^ G 
O(l^). In particular, G 0(\/). Thus a(-l) * = lies in 0{V) 

for any i/; G K As a result we see that A{V) is spanned by 

C[rfi(-l),...,d,(-l)]®C[Lc]. 



Proposition 6.2. The Zhu algebra AiV) is isomorphic to A. 

Proof. We define a linear map / from A to A(y) by sending ci"^ ■ ■ ■ d^^e" 
to di{—lY^ ■ ■ ■ d^{— + 0(y). It is enough to prove that / is an algebra 
isomorphism. 

It is a straightforward verification that di{—l),dj{—l),e°',e^ satisfy the 
relations 

di{-l) * dj{-l) = dji-1) * d,{-l) 

dii-1) * e° - e° * dii-1) + idi, a)e" (6.1) 
e° * = e"+^ 

for 1 < i, j < and G Lc- So / is an onto algebra homomorphism. 

Proving that I is injective is equivalent to proving that the intersection 
of OiV) with the subspace C[(ii(— 1), d^i—1)] ® CfL,^] of V is zero. 

Recall that V = En>o K with Vq = C[Lc]. By the theory of AiV) [Z], 
C[Lc] is a simple A(l/)-module such that o(m) = MwtM-i for a homogeneous 
M G K In particular, o(e") acts on Vq as the multiplication by e" for a G 
Lc and o((ij(— 1)) = (ij(0) acts on for /5 G Lc as scalar If we 

identify C[Lc] with the ring C[ti,ti^, ...,t„,t'^^] by identifying e^^"-'"' with 
riitr then o(eSi acts on C[ti,ti^ , ...,t,y,t~^] as multiphcation by Uif^' 
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and o{di{—l)) acts as the degree derivation U-^. It is immediate then that 
if o{v) ^OonVo for v e C[di(-1), d^(-l)] ® C[L c] then V — 0, as 
desired. □ 

We next use A(y) to study the Z+-graded modules for V. A V-module 
M = (M, Ym) is Z+-graded if M = ©„>oM(n) such that UnM{m) C M(wtii- 
n — 1 + m) for homogeneous u &V and m,n & X. We may and will choose 
the gradation so that M (0) ^ 0. Then the theory of A{V) [Z] says that M(0) 
is a — module by sending f to o{v). Furthermore, M ^ M(0) gives a 

bijection between the equivalence classes of irreducible Z_|_-graded V-modules 
and the equivalence classes of simple yl(y)-modules. 

Recall from Section 4 that given an 74-module W and A e ^-L^) we have 
a K-module V\^w On the other hand, by the theory in [Z] there is an Z+- 
graded V-module M = ©„>oM(n) such that M(0) is isomorphic to W as 
74(y)-modules. If W is simple then Vx^w is irreducible V^-module and we can 
choose M to be irreducible too. Here is the relation between Vx^w and M if 
W is simple. In the construction of the module Vx^w we let Cj(0) act on Vx,w 
as (cj. A) (cj is not an clement of A). On the other hand, since Cj(— 1) e 0{V) 
we see that Cj(0) acts on M = 0. Thus Vo,vk and M are isomorphic. 

Of course we could define the algebra A by including the central elements 
Q. Then A{V) would be a quotient of A modulo the ideal generated by q for 
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